A note about planar completely regular continua with structure  by Zafiridou, Sophia
Topology and its Applications 123 (2002) 199–203
A note about planar completely regular continua with structure
Sophia Zafiridou
Department of Mathematics, University of Patras, 26500 Patras, Greece
Received 7 September 1998; received in revised form 17 March 1999
Abstract
We prove that in the class of all planar completely regular continua with structure there is no
universal element.  2002 Elsevier Science B.V. All rights reserved.
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1. Introduction
We use the term continuum to mean any nonempty, compact, connected metric space.
A continuum K is said to be:
(i) regular if K has a basis of open sets with finite boundaries;
(ii) completely regular if each nondegenerate subcontinuum of K has nonvoid interior.
It is known [9, §51, IV, Theorems 2 and 3] that every completely regular continuum is
regular and every regular continuum is hereditarily locally connected.
We recall the following result, which will be used in this paper [3, Lemma 2] and [8,
Theorem 1.3].
Lemma 1.1. A nondegenerate continuum K is completely regular if and only if there exist
subsets F and an, n= 1,2, . . . , of K such that:
(a) K = F ∪ (⋃∞n=1 an);
(b) F is homeomorphic to the Cantor set;
(c) for each n= 1,2, . . . , an is an arc with end-points xn, yn, such that an∩F = {xn, yn}
and an \ {xn, yn} is open in K;
(d) an ∩ am = ∅, if n 	=m;
(e) lim diaman = 0.
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A triple (K,F,A), where K is a completely regular continuum, F is a zero-dimensional
compact subset of K and A is a sequence of arcs of K satisfying the conditions of
Lemma 1.1, is called a completely regular continuum with structure [3].
A completely regular continuum with structure (K˜, F˜ , A˜) is said to be universal for a
family F of completely regular continua with structure, if (K˜, F˜ , A˜) ∈ F and for every
(K,F,A) ∈ F there exists a homeomorphism h :K → K˜ of K into K˜ preserving the
structure, that is h(F )⊆ F˜ and h(a) ∈ A˜ for every a ∈A [3].
It is known that:
(1) In the class of all regular continua there is no universal element [10].
(2) In the class of all planar regular continua there is no universal element [2] (see the
class pl(R0c (1))) and [6] (see the class pl(Rrim−com(1))).
(3) In the class of all completely regular continua there exists a universal element [3].
(4) In the class of all completely regular continua with structure there is no universal
element [4].
The problem of the existence of universal element in the class of all planar completely
regular continua raised by Krasinkewicz [8] is still open.
We shall prove that in the class of all planar completely regular continua with structure
there is no universal element.
2. Construction of a planar completely regular continuum [6]
Let C denote the Cantor ternary set and C(1) be the set of all points of C which are
ends of the components of [0,1] \C. By Ln, n= 1,2, . . . , we denote the set of all ordered
n-tuples i1 . . . in, where it = 0 or it = 1, t = 1, . . . , n. We set L0 = {∅}.
For i¯ = i1 . . . in ∈Ln, n 1, we denote by Ci¯ the set of all points of C for which the t th
digit of the ternary expansion, t = 1, . . . , n, coincides with 0 if it = 0 and with 2 if it = 1.
We denote i¯0 = i1 . . . in0 and i¯1 = i1 . . . in1. For i¯ = ∅ ∈ L0 we set Ci¯ = C∅ = C and we
denote i¯0 = 0 and i¯1 = 1.
For every i¯ ∈⋃∞n=0 Ln we consider a finite subset Fi¯ of the set Ci¯ \ C(1) such that
Fi¯ ∩Ci¯0 	= ∅ and Fi¯ ∩Ci¯1 	= ∅. We set a(i¯)=max{x: x ∈Ci¯0} and b(i¯)=min{x: x ∈ Ci¯1}
For every i¯, j¯ ∈ Ln, n= 0,1, . . . , we define a collection D(i¯, j¯ ) of two-element subsets
of Ci¯ ×Cj¯ as follows. Let x = (x1, x2) and y = (y1, y2) be two points of C2. The set {x, y}
belongs to D(i¯, j¯ ) iff either x1 = y1 ∈ Fi¯ and {x2, y2} = {a(j¯), b(j¯)} or x2 = y2 ∈ Fj¯ and
{x1, y1} = {a(i¯), b(i¯)}. Also we set D(1)=⋃{D(i¯, j¯ ): i¯, j¯ ∈ Ln, n= 0,1, . . .}.
Let A denote the set of all straight line closed segments xy joining the points x and y ,
where {x, y} ∈D(1). Consider the subspace K = C2 ∪ (⋃{xy: xy ∈A}) of the plane.
We correspond to the space K the partition DK of C2 consisting of all elements of D(1)
and all singletons {x}, for which x ∈ C2 and x /∈ d , for every d ∈D(1). The above partition
DK is a partition D considered in [6]. It has been proved [6, Lemma 4 (for α = 1)] that DK
is an upper semicontinuous partition of C2 and that the corresponding quotient space DK
is a regular planar continuum. (In this paper a partition of a space and the corresponding
quotient space are denoted by the same letter.) We shall use this result below.
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Lemma 2.1. K is a completely regular continuum.
Proof. By construction of K and Lemma 1.1, it suffices to show that K is a continuum.
Obviously K is compact. We prove that K is connected.
Indeed, suppose on the contrary that K =O1 ∪O2, where O1 and O2 are open, nonvoid
and disjoint subsets of K . For every xy ∈ A we have: either xy ∈ O1 or xy ∈ O2. Thus
either x, y ∈ O1 or x, y ∈ O2. For i = 1,2 we set DK(Oi) = {d ∈ DK : d ⊆ Oi ∩ C2}.
From the above DK = DK(O1) ∪ DK(O2), where DK(O1) and DK(O2) are nonvoid
and disjoint. Since the partition DK of C2 is upper semicontinuous, the sets DK(O1) and
DK(O2) are open in DK . This means that DK is not connected, which is a contradiction.
Thus K is connected. ✷
3. The quotient space corresponding to a completely regular continuum with
structure
Let (K,F,A) be a completely regular continuum with structure. By D(K,F,A) we denote
the partition of K consisting of all elements of A and of all singletons {x}, where x belongs
to F and does not belong to any element of A. Let p denote the quotient projection of K
onto the quotient space D(K,F,A).
Lemma 3.1. The quotient space D(K,F,A) is a regular continuum.
Proof. Since A is a countable family of disjoint closed arcs whose diameters converge
to zero, the partition D(K,F,A) of K is upper semicontinuous. Thus the quotient space
D(K,F,A) is metric [7, Chapter 5, Theorem 20], and, since K is a continuum, DK is also a
continuum. We prove that D(K,F,A) is regular.
Let d ∈D(K,F,A) and U be a open neighbourhood of d in D(K,F,A). Since K is regular
there exists an open subset V of K such that d ⊆ V ⊆ ClK(V ) ⊆ p−1(U) and the set
BdK(V ) is finite (see [9, §51, IV, Theorem 9]). Let W = {d ∈D(K,F,A): d ⊆ V }. Since the
partition D(K,F,A) of K is upper semicontinuous, the set W is open in D(K,F,A). We have
d ∈W ⊆ U . It remains to prove that the boundary of W is finite. Let d ′ ∈ BdD(K,F,A) (W).
It suffices to show that d ′ ∩BdK(V ) 	= ∅. Suppose, on the contrary, that d ′ ∩BdK(V )= ∅.
Since d ′ is a connected subset of K , it follows that either d ′ ⊆ V or d ′ ⊆ K \ ClK(V ).
This means that either d ′ ∈W or d ′ /∈ ClD(K,F,A) (W), which is a contradiction. The proof
is complete. ✷
4. The main theorem
Let Y be a regular continuum. By a decomposition [5] of Y we mean a cover ω =
{F1, . . . ,Fm} of Y such that: (a) for every i = 1, . . . ,m, Fi = ClY (IntY (Fi)) and BdY (Fi)
is finite; (b) Fi ∩Fj = BdY (Fi)∩BdY (Fj ), i 	= j .
For every x ∈ Y we set stx(ω)=⋃{F ∈ ω: x ∈ F }. One easily shows the following (see
for instance [5], Lemma 4.2, the case α = 1, k = 0):
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Lemma 4.1. For every regular continuum Y there exists a sequence of decompositions
ω1,ω2, . . . such that:
(a) for every i  j  1, every element of ωi is contained in one (and only one) element
of ωj ;
(b) for every x ∈ Y the family {IntY (stx(ωn)): n = 1,2, . . .} is a basis of open
neighbourhoods of x;
(c) for every n = 1,2, . . . , if x, y ∈ ⋃{(BdY (F ): F ∈ ωn}, x 	= y , then stx(ωn+1) ∩
sty(ωn+1)= ∅.
Theorem 4.2. For every completely regular continuum with structure (K˜, F˜ , A˜) there
exists a planar completely regular continuum with structure (K,F,A) for which there
is no homeomorphism of K into K˜ preserving the structure.
Proof. Let (K˜, F˜ , A˜) be a completely regular continuum with structure and D(K˜,F˜ ,A˜) be
the corresponding regular continuum (defined in Section 3).
Let ω1,ω2, . . . be a sequence of decompositions of D(K˜,F˜ ,A˜) satisfying the conditions
of Lemma 4.1 and let k(1), k(2), . . . be an increasing sequence of integers such that
k(n) > |⋃{(BdY (F ): F ∈ ωn}|. Consider an increasing sequence of integers k0, k1, . . .
such that kn > k(4n+1).
Without loss of generality we can suppose that the sets Fi¯ in Section 2 satisfy
additionally the following condition: |Fi¯ ∩ Ci¯i¯1 | kn, for every i¯ ∈ Ln,n= 0,1, . . . , and
for every i¯1 ∈ L2. For these sets we consider the family of straight line segments A, the
corresponding planar completely regular continuum K and the partition DK of C2 defined
in Section 2.
From the proof of the [5, Theorem 4.3] (using [6, Theorem 6] or [2, Theorem 5.2] instead
of [5, Theorem 3.6]) it follows that the planar regular continuum DK can not be embedded
in D(K˜,F˜ ,A˜).
We shall prove that for a completely regular continuum with structure (K,C2,A) there
is no homeomorphism h :K → K˜ of K into K˜ such that h(C2) ⊆ F˜ and h( xy ) ∈ A˜ for
every xy ∈A.
Indeed, suppose on the contrary that h :K → K˜ is a homeomorphism satisfying
these conditions. Let h∗ :D(K,C2,A) → D(K˜,F˜ ,A˜) be the uniquely determined map for
which p˜ ◦ h = h∗ ◦ p, where p :K → D(K,C2,A) and p˜ : K˜ →D(K˜,F˜ ,A˜) are the quotient
projections. It is easily seen that h∗ is continuous [1, Theorem 4.3, p. 126], one-to-one
and closed. Thus h∗ is a homeomorphism of D(K,C2,A) into D(K˜,F˜ ,A˜). Since the spaces
DK and D(K,C2,A) are homeomorphic [6, Lemma 4, the proof of (2)], it follows that there
exists an embedding of DK into D(K˜,F˜ ,A˜), which is a contradiction. This completes the
proof of the theorem. ✷
Corollary 4.3.
(1) In the class of all planar completely regular continua with structure there is no
universal element.
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(2) In the class of all completely regular continua with structure there is no universal
element (see also [4]).
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